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Fourier Series - Introduction

Fourier series are used in the analysis of periodic functions.

A periodic function

Many of the phenomena studied in engineering and science are periodic in nature eg. the
current and voltage in an alternating current circuit. These periodic functions can be
analysed into their constituent components (fundamentals and harmonics) by a process
called Fourier analysis.

We are aiming to find an approximation using trigonometric functions for various
square, saw tooth, etc waveforms that occur in electronics. We do this by adding more
and more trigonometric functions together. The sum of these special trigonometric
functions is called the Fourier Series.
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Jean Fourier

Jean Baptiste Joseph
Fourier (1768 - 1830).

Fourier was a French mathematician, who was taught by Lagrange and Laplace.

He almost died on the guillotine in the French Revolution. Fourier was a buddy of
Napoleon and worked as scientific adviser for Napoleon's army.

He worked on theories of heat and expansions of functions as trigonometric series... but

these were controversial at the time. Like many scientists, he had to battle to get his ideas
accepted.

In this Chapter

Helpful Revision - all the trigonometry, functions, summation notation and integrals that
you will need for this Fourier Series chapter.

1. Overview of Fourier Series - the definition of Fourier Series and how it is an example
of a trigonometric infinite series

2. Full Range Fourier Series - various forms of the Fourier Series

3. Fourier Series of Even and Odd Functions - this section makes your life easier, because
it significantly cuts down the work

4. Fourier Series of Half Range Functions - this section also makes life easier

5. Harmonic Analysis - this is an interesting application of Fourier Series

6. Line Spectrum - important in the analysis of any waveforms. Also has implications in
music
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7. Fast Fourier Transform - how to create CDs and how the human ear works, all with
Fourier Series

We begin the chapter with Helpful Revision »

Helpful Revision for Fourier Series

This page contains some background information that will help you to better understand
this chapter on Fourier Series.

You have seen most of this before, but I have included it here to give you some help
before getting into the heavy stuff.

On this page :

Properties of Sine and Cosine Graphs
Periodic Functions

Continuity

Split Functions

Summation Notation

Useful Integrals

Properties of Sine and Cosine Functions

These properties can simplify the integrations that we will perform later in this chapter.
The Cosine Function

Background

From previous chapters:

Sine and cosine curves

Even and odd functions
Integral of Sine and Cosine

The function f{x) = cos x is an even function. That is, it is symmetrical about the vertical
axis.

We have: cos(-x) = cos(x)
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J"H cos@dd = 0

-

The Sine Function
The function f{x) = sin x is an odd function. That is, it is symmetrical about the origin.

We have: sin(-x) = -sin(x)

[* singdo =0

-

Multiples of & for Sine and Cosine Curves
Consider the function y = sin x

Revision

For some background:

Sine and cosine curves
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From the graph (or using our calculator), we can observe that:

sin(nm) =0 forn=0, 1, 2, 3, ... (in fact, all integers)

. (2n—-Dm
gin ( 5 ) _ (_ DI‘HI forn=0, 1, 2, 3, ... (in fact, all integers)

y=cosx
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cos(2nm) =1 forn=0,1, 2, 3, ... (in fact, all integers)
cos(2n - )m=-1 forn=0, 1, 2, 3, ... (in fact, all integers)
cos(nm) = (-1)" forn=0, 1, 2, 3, ... (in fact, all integers)

Periodic Functions

A function f{¢) is said to be periodic with period p if



A+ p) =)
for all values of t and if p > 0.

The period of the function f{(¢) is the interval between two successive repetitions.

Examples of Periodic Functions:
(a) f(t) =sint.

ff) «4— p=on—»
1
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0.&
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Useful Background

Sine and cosine curves

For f(f) = sin ¢, we have: f{(f) = f(t + 2m). The period is 2.

(b) Saw tooth waveform, period = 2:
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Useful background

Straight lines

For this function, we have:

fl)y=3¢t(for-1<¢<1)

A#) =f(t + 2) [This indicates it is periodic with period 2.]

(c) Parabolic, period = 2.

517

4 2 3
Useful background
Parabolas
For this function, we have:

fly=F (for0<t<2)
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) =f(t + 2) [Indicating it is periodic with period 2.]

(d) Square wave, period = 4.
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Period=p =21=4
For this function, we have:
firy=-3for-1<¢t<land3forl<¢<3
f(t)=f(t + 4) [The period is 4.]
NOTE: In this example, the period p = 4. We can write this as 2L = 4.

In the diagram we are thinking of one cycle starting at —2 and finishing at 2. For
convenience when integrating later, we let L =2 and the cycle goes from -L to L.

Continuity

If a graph of a function has no sudden jumps or breaks, it is called a continuous function.
Examples:

Useful Background

Continuous Functions

Exponential graphs
Parabolas
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 sine functions

« cosine functions

« exponential functions
« parabolic functions

Finite discontinuity - a function makes a finite jump at some point or points in the
interval.

Examples:

« Square wave function
« Saw tooth functions

Split Functions

Much of the behaviour of current, charge and voltage in an AC circuit can be described
using split functions.

Examples of Split Functions
Sketch the following functions:
Useful Background

Split Functions
Straight lines

—t if 7w <ft<0

fif 0<¢t<uxm

a0 =

(a)

Answer
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Useful Background

Parabolas

10
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Summation Notation

11
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It is important to understand summation notation when dealing with Fourier series.

Examples

Expand the following and simplify where possible:

3
{ Z?Fl nﬁl

Answer
3o .o 12 _ 3 _ 23
2T T2 TSI TR
5
) Y. (2n-1)
Answer

Y (2n-1)=1+3+5+7+9=25

Notice that (27 - 1) generates odd numbers.

If we want to generate even numbers, we would use 2n.

ntl

To generate alternate positive and negative numbers, use (-1)"".

(=1)”

So 2n generates 1/2, -1/4, 1/6, -1/8, ...

2;1 n4a,

3.

12
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Answer

o 2o 7P, = ay + 4a; + 9 + 16a; + 25as

prt _ wt |, 2xnt . 3nt | Adxnt
2=

= ”Tf(l+2+3+4)

xt
- IOL

Some Useful Integrals

These are obtained from integration by parts:

j:smmd = %(sﬁlm—nrcosm)
n

I tcosnt dt = % (cosnt + ntsinnt)
n

1. Overview of Fourier Series

13
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In mathematics, infinite series are very important. They are used extensively in
calculators and computers for evaluating values of many functions.

The Fourier Series is really interesting, as it uses many of the mathematical techniques
that you have learned before, like graphs, integration, differentiation, summation
notation, trigonometry, etc. If you get stuck, see if the Helpful Revision page gives you
inspiration.

Infinite Series - Numbers

Useful Background

Check out the Series chapter, especially Infinite series. (In particular, note what it says
about convergence of an infinite series.)

A geometric progression is a set of numbers with a common ratio.

Example: 1,2,4, 8, 16

A series is the sum of a sequence of numbers.

Example: 1 +2+4+ 8+ 16

An infinite series that converges to a particular value has a common ratio less than 1.
Example: 1 +1/3+1/9+ 127+ ...=3/2

When we expand functions in terms of some infinite series, the series will converge to
the function as we take more and more terms.

Infinite Series Expansions of Functions

We learned before in the Infinite Series Expansions chapter how to re-express many
functions (like sin x, log x, €*, etc) as a polynomial with an infinite number of terms.

We saw how our polynomial was a good approximation near some value x = a (in the
case of Taylor Series) or x = 0 (in the case of Maclaurin Series). To get a better
approximation, we needed to add more terms of the polynomial.

Fourier Series - A Trigonometric Infinite Series

In this chapter we are also going to re-express functions in terms of an infinite series.
However, instead of using a polynomial for our infinite series, we are going to use the
sum of sine and cosine functions.

14
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Fourier Series is used in the analysis of signals in electronics. For example, later we will
see the Fast Fourier Transform, which talks about pulse code modulation which is used
when recording digital music.

Example

We will see functions like the following, which approximates a saw-tooth signal:

Py . . 3 . . 1 . -
Sflx)=1+2smf—sm2f+ %:‘;1113?— %anH T smSr+...

- " y

2 f. r8 1:4 14

How does it work? As we add more terms to the series, we find that it converges to a
particular shape.

Taking one extra term in the series each time and drawing separate graphs, we have:

A#) =1 (first term of the series):

157

057

A1) =1+ 2 sin ¢ (first 2 terms of the series):

15
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\LAL

f(f) =1+ 2 sin ¢ - sin 2¢ (first 3 terms of the series):

flit) =1+2

flit)=1+2
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. . .
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We say that the infinite Fourier series converges to the saw tooth curve.
That is, if we take more and more terms, the graph will look more and more like a saw
tooth. If we could take an infinite number of terms, the graph would look like a set of

saw teeth...

We will see how this works, and where the terms in the series come from, in the next
sections.

2. Full Range Fourier Series

The Fourier Series is an infinite series expansion involving trigonometric functions.

17



A periodic waveform f{¢) of period p = 2L has a Fourier Series given by:

o f f
fH=F+3" amcosﬁ+z bsm%
= 20 4 gicos EL 4+ g, 008 2L 4 g cos S 4
2 L L L o
27t 37t
+ by sin &L T +b SN 45 T + b3 sm—L +...

Helpful Revision

Summation Notation (3))

where

a, and b, are the Fourier coefficients,
and

g

2

is the mean value, sometimes referred to as the dc level.

Fourier Coefficients For Full Range Series Over Any
Range -L TO L

If f(¢) is expanded in the range -L to L (period = 2L) so that the range of integration is 2L,
1.e. half the range of integration is L, then the Fourier coefficients are given by

L
ao = % [~ Anat

L L .
a, = % I_Lﬂf) COS Lﬂdf b, }, I_Lﬂr) gin ”Tﬂdr

wheren=1,2,3 ...

18
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NOTE: Some textbooks use

1 L
ay = == | flt)dt
and then modify the series appropriately. It gives us the same final result.

Dirichlet Conditions

Any periodic waveform of period p = 2L, can be expressed in a Fourier series provided
that

(a) it has a finite number of discontinuities within the period 2L;
(b) it has a finite average value in the period 2L;
(c) it has a finite number of positive and negative maxima and minima.

When these conditions, called the Dirichlet conditions, are satisfied, the Fourier series for
the function f{r) exists.

Each of the examples in this chapter obey the Dirichlet Conditions and so the Fourier
Series exists.

Example of a Fourier Series - Square Wave

Sketch the function for 3 cycles:

0 if 4<¢t<0

=
S0 51f 0<t<4

A =At+38)

Find the Fourier series for the function.
Solution:

First, let's see what we are trying to do by seeing the final answer using a LiveMath
animation.
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LIVEMath

Now for one possible way to solve it:

Answer

[&IThe sketch of the function:

h§3)

i | | | | |
4 | | | | |

A I T A
3_

A
4 | | | | |

] I | | | |
11 | | | | |

] | | | | |
— | - ] B ] b
g 5 1 15 20

We need to find the Fourier coefficients ao, a, and b, before we can determine the series.

Ay

I

1

4

L
fih)dt
-

'[: Abdt

( j': (0)dr + jz(ﬁ)dr)
(0+[513)

1
L (20

5
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Note 1: We could have found this value easily by observing that the graph is totally
above the r-axis and finding the area under the curve from ¢ =4 to # = 4. It is just 2

rectangles, one with height 0 so the area is 0, and the other rectangle has dimensions 4 by

5, so the area is 20. So the integral part has value 20; and 1/4 of 20 = 5.

Note 2: The mean value of our function is given by ao/2. Our function has value 5 for

half of the time and value O for the other half, so the value of a¢/2 must be 2.5. So a, will

have value 5.

These points can help us check our work and help us understand what is going on.
However, it 1s good to see how the integration works for a split function like this.

Iy

I
f)cos Lﬂdr
S
I

4
j(r) COS ”ﬂ Ll dt

( (0) cos Lﬂdt+ j (5) cos ”fff dz)
[0+

ga)

X 3% %([smﬂTﬂ]D)

= i(sﬁ%@)—sﬂl%@)

1
3 i _
w7 (smar — 0)

=0

1
L
1
A
1
1
1{g
A
1
A

Note: In the next section, Even and Odd Functions, we'll see that we don't even need to
calculate a, in this example. We can tell it will have value 0 before we start.
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L

| SWsin Lﬂdf

ﬂf:' gin L ??:'II

t (0) sin 722 it + j (5) sin 222 dr)
(0]

o8 n;rr :ID)

= ——xSx i[cosm]o

1
L
1
A
1
A
1{g
A

4 ni 4
5 nr(4)
= — 3 (cos 1 1)

= —ﬁ(cosmr - 1)

At this point, we can substitute this into our Fourier Series formula:
oo oo
o nit N7 //%1
I=—+E a, CO§ 25 + b, sin #2+
ﬂ ) 2 1 # J) # I
H=

3 ' t
— 5 (cosnm — 1) Sm%

i
k2|t
_|_
[
—
P
L]
o]
on
h\g
LY
_|_

_ n AL
1) sin A

i
-3
Lh

|

==‘i|t_n
NE
3 |
o

@

s

=

Now, we substitute n = 1, 2, 3,... into the expression inside the series:
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n| L s-(cosnx — 1)sin ”jl”
1 xt xt
1 (cos:rr—l)sm4 = — 2sin == i
2 | L (cosZ:nr— 1)sin 2;” =0
1 3t _ 2 .. 3t
3 (cosS:rr 1)sin === T T
4 | L (cos4:nr— 1)sin 4;” =0
B St _ 2 . Sxd
5 5((:055::{ 1)sin == 1 5 s
1 B ot _
6 (cos&nr 1)sin =~ 1 0
. Trt _ 2 Trt
7 7(c057zrr 1)sin = 1 7sm 1

Now we can write out the first few terms of the required Fourier Series:

5 7t 2 Art 2 Sxt
=25 - =| — = - = == — = == ..
f() 2.5 (25]11 35111 55]11 )

10 w1 3t 1 Sxt
=25+ (sm4 +35m—4 +55m—4 +.. )

Alternative approach:
Answer

@Alternatively, we could observe that every even term is 0, so we only need to
generate odd terms. We could have expressed the b, term as:
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b, = —;—ﬂ(cosmr— 1)

e (C1)" = 1)

= % n odd, (0 1f 218 even)

To generate odd numbers for our series, we need to use:

_ 10 _
b= G- 7T b3

We also need to generate only odd numbers for the sine terms in the series, since the even
ones will be 0.

So the required series this time is:

HOKES %+Zancos%m+25nsm%ﬂ
n=1 n=1

Il
][
_I_

[
it
o
pe
o
o
[ 4]
;‘3
:i
-y
-+
A
b-d
b
|
[a—
pe
=
[£4)
=
RS
bd
=3
=
[a—
e
=4
b

Il

-2

h

_I_

— L
=

The first four terms series are once again:

FH=25+ lo[smﬂ—ﬁlsmﬂ+lsmﬂ+lsmﬂ+_}
173 s 7

[NOTE: Whichever method we choose, » must take values 1, 2, 3, ... when we are
writing out the series using sigma notation.

24



What have we done?

We are adding a series of sine terms (with decreasing amplitudes and decreasing periods)
together. The combined signal, as we take more and more terms, starts to look like our

original square wave:

10 .. 1
25+ T5111E:i'..rr

previous result

previous result

previous result

previous result

10 3

= sin =af

3T 4

MWWV

2 sin 2

10

Th

2

= =in LTt
EE 4

10
ST

9

sin =l

Sttt
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If we graph many terms, we see that our series is producing the required function. We
graph the first 20 terms:

10 520 1 . (2n— 1)nt
2.5+ 53 a1y S 7

Jit)

{ o o

Apart from helping us understand what we are doing, a graph can help us check our
calculations...

Common Case: Period =2L=2n

If a function is defined in the range -x to @ (i.e. period 2L = 2= radians), the range of
integration is 27 and half the range is L = m.

The Fourier coefficients of the Fourier series f{¢) in this case become:

a0 = + | " At

y

% jlﬂr} cosntdt b, = % J'lﬂf) sinznt df

and the formula for the Fourier Series becomes:
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fly = G-+ 25, ancosnt+ 37 bysinnt

wheren=1, 2, 3, ...

Example
a) Sketch the waveform of the periodic function defined as:
f)y=tfor-n<t<m

) =f(t + 2n) for all «.

b) Obtain the Fourier series of f{¢) and write the first 4 terms of the series.

Answer

@Loading...

What have we found?

Let's see an animation of this example using LiveMath.

LIVEMath

The graph of the first 40 terms is:

S (1) sinnr)
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We can express the Fourier Series in different ways for convenience, depending on the
situation.

Fourier Series Expanded In Time 7 with period 7
Let the function f{¢) be periodic with period 7'= 2L where

2:!1:_211:_11:

T 20 I

In this case, our lower limit of integration is 0.

Hence the Fourier series is

ﬂ' o [ a] -
fif) = =2 + Y ancosnwt+ Yy b,sinnot

2
where
o 2l J
ag = TJ'.:. fodt
o IEHJ‘&J f tdt b = 0 J-E:'rf-:r_: s ¢ dt
an = 5| f(f) cosnw =T, flt)sinnw

(Note: half the range of integration = n/®)
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Fourier Series Expanded in Angular Displacement ®
(Note: o is measured in radians here)
Let the function f{w) be periodic with period 2L.

We let 8 = o¢. This function can be represented as

fle) = 612—0 +y (a,.,g cos —”?Lre + b, sm%e)

where

iy

% [7 rede

21 2 :
a, = %Jo f(8)cos mr@ 22 do b, }, Im f(8)sin £ mr&' Al d0

3. Fourier Series of Even and Odd
Functions

This section can make our lives a lot easier because it reduces the work required.

In some of the problems that we encounter, the Fourier coefficients a,, a, or b, become
zero after integration.

Revision

Go back to Even and Odd Functions for more information.

Finding zero coefficients in such problems is time consuming and can be avoided. With
knowledge of even and odd functions, a zero coefficient may be predicted without
performing the integration.

Even Functions
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Recall: A function y = f{¥) is said to be even if f{-f) = f(¢) for all values of ¢. The graph of
an even function is always symmetrical about the y-axis (i.e. it is a mirror image).

Example of an Even Function
At) =2 cos nt

AW wiwAY
IAVAVIIVAA

Fourier Series for Even Functions

Jit)

For an even function f{¢), defined over the range -L to L (i.e. period = 2L), we have the
following handy short cut.

Since

_ 1t . hnt
b, = LI_Lﬂr)sm ZLdt

and
A?) is even,

it means the integral will have value 0. (See Properties of Sine and Cosine Graphs.)

So for the Fourier Series for an even function, the coefficient b, has zero value:
b,=0

So we only need to calculate ay and a, when finding the Fourier Series expansion for an
even function f{7):

L :
ag = % j_Lﬂ:)dr a, = % J'_Lﬂrj cos ”def

An even function has only cosine terms in its Fourier expansion:
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= Yo nrt
flt) = T"'Zn | @ COS 7=

Fourier Series for Odd Functions

Recall: A function y = f{¥) is said to be odd if f{-7) = - f{(¢) for all values of ¢. The graph of
an odd function is always symmetrical about the origin.

Example of an Odd Function

f)=sint

0.g
0.6

0.4
0.z
0

Fourier Series for Odd Functions

For an odd function f{¢) defined over the range -L to L (i.e. period = 2L), we find that a, =
0 for all n.

Since

_ 1 nrt g
i f-[ ﬂr)cos—

The zero coefficients in this case are: ap =0 and a, = 0.
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_ 1 7t .t
b, = fj_ﬁﬂr)sder

— o2 ; f
fH=2" b,sin %

An odd function has only sine terms in its Fourier expansion.

Exercise 1

Find the Fourier Series for the function for which the graph is given by:

AL
] 1 —
| | ] | |
! | & l |
I | 1 I |
! ! ] ! !
A N E R P
| | -1 | |
| [ ] | [
I [ =k I [
| L3 L

Answer

[@First, we need to define the function:

3 if w<t<0
3 1if 0<rem

A1) =

We can see from the graph that it is periodic, with period 2.

So fit) = fit + 2m).


http://www.intmath.com/Fourier-series/A3-7.htm

Also, L =m.

We can also see that it is an odd function, so we know ao =0 and a, =
need to find b,.

Since L = m, the necessary formulae become:
1 J.;.r _ fH = E b, sinnt
by = _Eﬂt) sin 72t dt —

T

f(t)sinnt dt

—Ir

I
( —3sinnt dt + I: 3 sin st df)
( casnf] +[_%ﬁf]z)

= = (cos0 — cos(—nn) — cosnr + cos0)

1
T

t.u M H—

ﬁ (2 — COSAN — COSTN)

%(1 — COS M)

0. So we will only

= % 71 odd
= () 1 even
b, = —12 n=123.

n(2n—1)

We could write this as:

So the Fourier series for our odd function is given by:
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NOTE: Since b, is non-zero for n odd, we must also have odd multiples of ¢ within the
sine expression (the even ones are multiplied by 0, so will be 0).

Checking, we take the first 5 terms:

12 05 s 2n— 1)¢

.| { 25— 1“1
2 . . . - .- .
= 1—: (:‘;111T+ % S 3r+ % SINST+ L s r+ % :%:1119?)
@)
mf i A 0
5
1_
4 2 U 2 4 ik @ w12 ¢
-1
-2

We see that the graph of the first 5 terms is certainly approaching the shape of the graph
that was in the question. We can be confident we have the correct answer.
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Exercise 2

Sketch 3 cycles of the function represented by

-~

- 1

-1 = - =

0 if -1 <r< 7

fl)y =< cos3nr if 5 <t < 3
0 if 5 t<1

S

and f(t) = f(t + 2).

Find the Fourier Series.

Answer

fit)

WV

This function is an even function, so b, = 0. We only need to find ay and a,, .

1 ' '
1 . . . 0
— o B kO
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0.5 0.5 1
= Qcft + I COS 37t ff + Ocdt

Y1 ny 0.5
_ [ sin3x¢ :I'jj
L 37 05
__2
37

Now for a,. We will use Scientific Notebook to perform the integration:

_ 1 nxt
an = 5 I_Lﬂ;‘)cos T dft

1
j f(f) cosnrt dt
-1

0.5
=0+ j cog3nmfcosnnt dt+ 0
0.5

COs l?‘??{

=0 2 using Scientific Notebook

7(—9 + n?)

Recall that cos(nm/2) = 0 for n odd and +1 or -1 for n even. So we expect 0 for every odd
term.

However, we cannot have n = 3 in this expression, since the denominator would be 0. In

this situation, we need to integrate for n = 3 to see if there is a value. In fact, we will use
SNB to find the values up to n =5, to see what is happening:
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Whenn =1, J'ifiz cos3mtcoswtdt = 0

Whenn = 2, J'HE COS3MICOs 2Mtdt = 6
_1/2 S
1/2 1

When n = 3, I COS3MICOS IMIdt = —
_12 7

When n = 4, J'Lr2 cos3mtcos dntdl = 6
_12 T
1/2

When n = 35, J'_Hz cos3mtcos Snwtdt = 0

So we will start our series by writing out the terms for n = 2 and n = 3, then use
summation notation from n = 4:

—

"

[} [}
. a . - . nT
f =L +> aycos nit + > bysin ”Er
n=] n=]

s
Iy O A 1 2 - Lt
= 5+ 5 -coslri+ = cos3mt+ Y aycos
= - - =l
s
_ cos
'1ﬁrl" ) rlr \ - ﬁ
=—_1 4 Gcosant CD”.;%"r +3'6 = __ cosnrt
3 Sm 2 = 1(-9+n?

p=l

As usual, we graph the first few terms and see that our series is correct:
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Solution without Scientific Notebook:

The integration for a, could have been performed as follows. We re-express the function
using a trick based on what we learned in Sum and Difference of Two Angles.

Cos3mIcosnnt

— %(cos(l + n)3nt+ cos(l — n)3nt)

1/2
I_ CcO8 3MFCos ntdt

% Ilfiz(cus(l + n)3nt+ cos(l — n)3nt)dt

=l|: sin(l +.)3xf _ sin(l — m)3nt :|”2
2 (1+m)3x (1-n)3n  J_;

It is then necessary to substitute # = 1/2 and ¢ = -1/2 as usual, then simplify the expression

in n.

After integrating, we could have expressed a, as follows:
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(_ 1 )m’E

6
7(—9 + n?)

o8 neven (0ifnodd, n» =+ 3)

_ L n=1273.. .
7(—9 + 4n?)

Then we could have substituted this expression into the series. However, we would still
need to consider separately the case when n = 3.

4. Half Range Fourier Series

If a function is defined over half the range, say 0 to L, instead of the full range from -L to
L, it may be expanded in a series of sine terms only or of cosine terms only. The series
produced is then called a half range Fourier series.

Conversely, the Fourier Series of an even or odd function can be analysed using the half
range definition.

Even Function and Half Range Cosine Series

An even function can be expanded using half its range from

e« OtoLor
e« -LtoOor
o Lto2L

That is, the range of integration = L. The Fourier series of the half range even function
is given by:

a o f
fin) = TU + Y @, COS %

forn=1,2,3, ..., where

ay = %j’éﬂ:}dz
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L
ay = %joﬂr) cos ”def

b,=0

In the figure below, f(t) = ¢ is sketched from =0 to ¢ = m.

SO

¥

An even function means that it must be symmetrical about the f{¢) axis and this is shown
in the following figure by the broken line between ¢ = -m and ¢ = 0.

Jio)

F Y
n k-

It is then assumed that the "triangular wave form" produced is periodic with period 2n
outside of this range as shown by the red dotted lines.

-7 b1 27 3 A ¢
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Example

We are given that

—f 1if — 7w <ft<0

r if 0<f<xm

) =

and f{¢) is periodic with period 2.

a) Sketch the function for 3 cycles.

b) Find the Fourier trigonometric series for f{¢), using half-range series.

Answer

[@la) Sketch:

b) Since the function is even, we have b, = 0.
In this example, L = m.

We have:
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ﬂr)dr

2y

23

1__,1._._
=

|oako 3o Mot

1
T
I
o |

m‘ﬁ

To find a,, we use a result from before:

I fcosnt dt = Lz (cosnf + ntsinnt)

1
We have:
_ 2 mrf
an =% I f(f) cos 2225
= %J. t cosnt dt
= %[%(CDSHI-& nfsmnf)]g
= —=_[(cosnr +0)— (cos0+0)]
e
= #[CDSHH— 1)]
2
= —=—[(-1)"-1
L [(-1y - 1]

_ 4
2
When 7 is odd, the last line gives us e
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When 7 is even, the last line equals 0.

For the series, we need to generate odd values for n. We need touse (2n - 1) forn =1, 2,

3,...

So we have:

f(f)—— +ZancosLﬂ

_n 4 - cos(2n— 1)t
2 7 ; (2n—1)°
_n_4 1 1
=5-T (cosf-i— 3 COS3f+ 7% COs5f+.. )

Check: The graph for the first 40 terms:

Odd Function and Half Range Sine Series

An odd function can be expanded using half its range from 0 to L, i.e. the range of
integration = L. The Fourier series of the odd function is:

Since a, = 0 and a, = 0, we have:

— o2 f
fH=2" bysin %

forn=1,2,3,..

43



L . i
b, = % [ A(t) sin 2L gy
L Dﬂ ) L
In the figure below, f(¢) = ¢ is sketched from ¢ = 0 to ¢ = =, as before.

SO

hi

An odd function means that it is symmetrical about the origin and this is shown by the
red broken lines between ¢ = -n and ¢ = 0.

Jio)

It is then assumed that the waveform produced is periodic of period 2r outside of this
range as shown by the dotted lines.

nr ’ ,
F s
ra -
ra ra
Fy &
s s
- Fa
- £
| _ | - | -~ b_
ra . s i.
-7 - T s 2m 3 -
e < 47
. F
~ & r
Fa - ra
ra Fa Fa
Iy s )
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S. Harmonic Analysis

Recall the Fourier series (that we met in Full Range Fourier Series):

flt = 512_[] + Zam cosnt + an sin 7t
n=1 n=1

dn
2

+ bisint+ bysin2f+ bzsindf+. ..

+ 1 COSF+ arCcos2f+ a3 cos3f+. ..

We can re-arrange this series and write it as:

- . . .
= +(aicost+ b;sint)+ (a> cos 2t + b, sin 2t) + (as cos 3t + b3 sin 3¢) + ...

The term (a; cos ¢ + b, sin £) is known as the fundamental.
The term (a, cos 2¢ + b, sin 2¢) is called the second harmonic.

The term (as cos 3¢ + b; sin 3¢) is called the third harmonic, etc.

Odd Harmonics

The Fourier series will contain odd harmonics if f{¢ + ©) = - f{(?).
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Example:

S
1 1 ——
l l ] l l
l l ] l l
| | 1 l l
| | | | |
2l wl A
| | 17 | |
I I 1 I I
I I 27 I I
| . | L

Even Harmonics

The Fourier series will contain even harmonics if f{z + m) = f{?).
(That is, it has period m.)

N

N|:l .

EXAMPLES

Determine the existence of odd or even harmonics for the following functions.

(a)
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if - x<t<0

A1) =

if 0<rex

Af) =it +2m).

Answer

We can see from the graph that f{t + w) = - f{¢).

For example, we notice that f(2) = 0.4, approximately. If we now move & units to the right
(or about 2 + 3.14 = 5.14), we see that the function value is

f(5.14)=-0.4.
That is, f{t + m) = - f{?).
This same behaviour will occur for any value of ¢ that we choose.

So the Fourier Series will have odd harmeonics.

6. Line Spectrum
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Recall from earlier earlier trigonometry that we can express the sum of a sine term and a
cosine term, with the same period, as follows:

acosO+bsind=Rcos(0-a)

where

R = +Ja* +b*

and

o = tan ! [Q]
&

Likewise, the Fourier series
_ o :
S = 5+ Y. (a,cosnot+ b, sinnwt)

can be written in harmonics form

fH) =Cot), " C,cos(nwt— ¢,)

where

C cos (0t - ¢y) is called the fundamental

C; cos (2wt - ), the second harmonic

(s cos (3wt - @3), the third harmonic ... etc; and

¢@n = phase angle

C, = harmonic amplitude = 1;'(1,5 + by

We met harmonics before.

A plot showing each of the harmonic amplitudes in the wave is called the line spectrum.
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Note: Waves with discontinuities such as the saw tooth and square wave have spectra
with slowly decreasing amplitudes since their series have strong high harmonics. Their
10th harmonics will often have amplitudes of significant value compared to the
fundamental.

In contrast, the series of waveforms without discontinuities and with a generally smooth
appearance will converge rapidly to the function and only a few terms are required to
generate the wave.

Let's see a Livemath animation of this.

LIVEMath

EXAMPLE

Plot the line spectrum for the Fourier Series:

=% "'Z,-.g | 7, cosnt+ 2 %smnr

This series has an interesting graph:

fit)

4

Answer

[&|We can see from the series that
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_ 1 _
Gn = 57 b

Now, using

(="
2n

C, = {a,f + bf

for each term, we have:

A [ PR E

ar =1 bi=-1 cj=J12+(—é)2 = 1.118
@=L by = 1 CQ=J(%)2+(%)E = 0.4167
e T O R
e T O

The resulting line spectrum is:

U
1.4

1.2

0.8
0.&
0.4

0.2

[2]

Music Examples
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1. Harmonics and Sound

When we listen to different musical instruments playing the same note, they sound
different to us because of the different combinations of harmonics contained in the note.

For example, if a flute and a violin both play G above middle C, the harmonic spectrum
is quite different.

G has a frequency of 392 Hz and the harmonics are all multiples of this fundamental
frequency (or about 800 Hz, 1200 Hz, 1600 Hz, etc).

Harmony (2 or more notes sounding at the same time) works because of harmonics (look
for the chord GBD contained within the harmonics of the note G).

You can see the relative values of the harmonics in the following sound spectrum images
of a flute and a violin playing G4.

Flute
dE -
10 = - = T =
= bl —_ —_ —_ —_ 5
-5 = - — = = = = %,
-20 _; E -5
-25 _z %—.
0= TG4 D6
-I5 _; G_S '._\‘.\
40 =
-45 —; G6 B7 Lr}h.:
-s50 = D7 G7 h'it-
55 — F7 .
-60 =
5 —=
-70 =
= 392 Hz
-5 =
80 =
-85 —=
_9|:| _:
|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIII
0 1 z 3 kHz 4 5
Violin
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|IIII|IIII|IIII|IIII|IIII|IIII|IIIIIIIII|IIII|IIII|IIII|IIIIlllllllllllllllllllll%

|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIII
a 1 z kHz 3 4 5

2. Java Applet - Fourier Series and Sound

The following link leads to a great Java applet to play with. (It's on an external site.) He
is using Fourier Series expressed in the form

S5 =Co+), " C,cos(nwt—¢,)

You can change the mean value (Cy), amplitude of each harmonic (C,) and also f,, which
changes the phase shift. You can hear the sounds that result from adding different
harmonics.

http://falstad.com/fourier/

While you're there, check out the other applets and lots of interesting stuff at:

http://falstad.com/mathphysics.html
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7. Application - The Fast Fourier
Transform

1. Digital Audio

Pulse code modulation (PCM) is the most common type of digital audio recording, used
to make compact disks and WAV files.

In PCM recording hardware, a microphone converts sound waves into a varying voltage.
Then an analog-to-digital converter samples the voltage at regular intervals of time. For
example, in a compact disc audio recording, there are 44100 samples taken every second.

The data that results from a PCM recording is a function of time. How does this work?

Imagine that you were very small and could fit into your friend's ear drum. Suppose also
that you could see things in very slow motion and that you could record the position of
the ear drum once every 44100th of a second. Your eyes are so good that you can notice
65536 distinct positions of the ear drum's surface as it moves back and forth in response
to incoming sound waves.

If your friend is listening to the sound of a flute, and you write down the positions of the
ear drum that you notice, then you would have a digital PCM recording - a series of
numbers.

If you could later make your own ear drum move back and forth in accordance with the
thousands of numbers you had written down, you would hear the flute exactly as it
originally sounded. We have gone from:

rich sound with fundamentals and harmonics

— numbers
— rich sound with fundamentals and harmonics
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To be able to convert from the series of numbers to sound, we need to apply the Fourier
Transform.

2. Frequency Information as a Function of Time

Prisms

One analogy for the type of thing a Fourier Transform does is a prism which splits white
light into a spectrum of colors. White light consists of all frequencies mixed together
(much like the information on a CD has sounds of all frequencies mixed together) and the
prism breaks them apart so we can see the separate frequencies (much like the CD player
splits apart the frequencies so that they can be amplified and sent to the speakers).

glass prism

Cochlea

In our inner ears, the cochlea enables us to hear subtle differences in the sounds coming
to our ears. The cochlea consists of a spiral of tissue filled with liquid and thousands of
tiny hairs which gradually get smaller from the outside of the spiral to the inside. Each
hair is connected to a nerve which feeds into the auditory nerve bundle going to the brain.
The longer hairs resonate with lower frequency sounds, and the shorter hairs with higher
frequencies. Thus the cochlea serves to transform the air pressure signal experienced by
the ear drum into frequency information which can be interpreted by the brain as tonality
and texture.
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The Fourier Transform is a mathematical technique for doing a similar thing - resolving
any time-domain function into a frequency spectrum. The Fast Fourier Transform is a
method for doing this process very efficiently.

3. The Fourier Transform

As we saw earlier in this chapter, the Fourier Transform is based on the discovery that it
is possible to take any periodic function of time f{¢) and resolve it into an equivalent
infinite summation of sine waves and cosine waves with frequencies that start at 0 and
increase in integer multiples of a base frequency fo = 1/7, where T is the period of f{¢).
The resulting infinite series is called the Fourier Series:

. a . SN
fiH) = L + Z;l (a1, cosnt + b, sinnt)

The job of a Fourier Transform is to figure out all the a, and b, values to produce a
Fourier Series, given the base frequency and the function f{¢).

In our CD example, which has a sampling rate of 44100 samples/second, if the length of
our recording is 1024 samples, then the amount of time represented by the recording is

1024 _ 4 92322

44100 seconds, so the base frequency f, will be
1 _ 44100 _ 43 oec
T = TToaa — 3000,
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If you process these 1024 samples with the FFT (Fast Fourier Transform), the output will
be the sine and cosine coefficients a, and b, for the frequencies

43. 066 Hz,

2 x43.066 = 86. 132 Hz,
3 x43.066 = 129. 20 Hz, etc.

Example

Let's say that we use the FFT to process a series of numbers on a CD, into a sound.

SV N
. o iy = ——— PIn = 3
It may give us something like ap=1.6, * 1 and 2n—1.
T = 2
For the frequencies 43.066 Hz, 86.123 Hz and 129.20 Hz, we use b , and we
have:
4410002 -
b = . ~ = 270.59
1024

So the Fourier Series would be:

fulfl = 1.6 -+ le i cos 270, 5901 + ; 2 270, 591
5 K ,-} X_‘H:l IJ [ T e 2;} _ 1 [ — N

=—1.0 cos 270.59¢ + sin 270.59¢ + 0.5 cos 541.18¢ + 0.333 33 sin 541.18¢ —
0.33333 cos 811.77¢t+ 0.2 sin 811.77¢ + 0.25 cos 1082.4¢ + 0.14286 sin 1082.4¢
—0.2 cos 1353.0¢ + 0.11111 sin 1353.0¢
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We have reconstructed a sound wave from the digital data fed from the CD into the sound
system of the CD player.

The Fourier Transform Formula

. — T
If fis a real-valued function on [_ur'" » S0 :I , the function f =& \.f:" defined by the
integral

F(flr),x,w) = [* e ™™ (1) dt
o

[P

is the Fourier Transform of the function f.

Fourier Transforms involve the Dirac (or delta, d) function (also known as the pulse
function) which has magnitude 1 at # = 0, but is 0 elsewhere.
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1.44

1.2-;

0.8
0.5
0.4

0.2

]

Dirac(x)

This delta function is beyond the scope of this chapter.
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